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1. INTRODUCTION 
In this work we represent “positive” operator-valued transformations of 
Banach *-algebras and involution semigroups by operator valued integrals. 
The basic theorem is 2.1 which, among other things, reformulates the Krein- 
Milman theorem as a spectral integral (Corollary 2.2). Applications of the 
theory are emphasized; the most significant of which are the new proofs 
given in Sections 3 and 4 of the four classical spectral theorems. Surprisingly, 
the proof for normal operators neither depends on the Hermitian case nor 
involves the concepts of product measure or spectra. All of these spectral 
theorems are proved analogously but independently and can be viewed as a 
Krein-Milman approach. Relevance of the general theory to completely 
monotonic functions [cf. 21 appears in Section 4 while applications to moment 
problems occur in both Sections 3 and 4. Motivation for considering the 
particular transformations which are studied on involution semigroups comes 
from [5] as well as the work of Sz.-Nagy [8]. 
For the most part, our notation and definitions will follow along the 
standard lines of [ 1,3, and 71. Our positive operator-valued (POV) measures E 
will always be defined on a compact space X and assumed to be regular but 
not normalized (i.e., E(X) is not necessarily the identity operator I on the 
underlying Hilbert space H). We denote the conjugate of a complex number z 
by Z* and use the convention that O” = 1. Finally we let S, denote the charac- 
teristic function of the singleton set {x>. 
2. INTEGRAL REPRESENTATIONS OF POSITIVE OPERATOR 
VALUED TRANSFORMATIONS ON A BANACH *-ALGEBRA 
Let A be a commutative complex Banach *-algebra with identity 1, 
Ha complex Hilbert space anda the space of all bounded operators on H. 
We further assume that the involution is continuous. A linear transformation 
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U 1 A ---t@(H) of 13 into 3(N) will b e called an operator-valued (OV) trans- 
formation. If in addition Cfj * is a positive definite operator for allfg A, then U 
will be called a positive operator-valued (POV) transformation. An elementary 
application of the square root lemma shows that I/ U, Jj < 11 U1 [I whenever U 
is positive. Observe that every *-representation of A, i.e., every linear trans- 
formation U J A -+98(H) such that b>g = U,U,(f, g E A) and U,, = U,, , 
is a POV transformation on A. A multiplicative linear functional 7 on A will 
be called *-multiplicative if I = [I]*. We denote the set of all 
*-multiplicative linear functionals on A by r and equip I’ with the topology 
of simple convergence. 
THEOREM 2.1. Let U 1 A -+&Y(H) be an operator valued transformation on 
A. Then U is positive if and only if there exists a (necessarily unique) POV 
measure E on I’ such that 
u, = 
J’ 60 d-& . r 
Moreover, U is a * -representation of A if and only if E is a spectral measure. 
Proof. Since every POV measure E obviously induces a POV transforma- 
tion on A in the above manner, we will assume U is positive operator-valued 
and proceed to construct its representing measure. For each f E H the 
map L, 1 f -+ (UJ, 6) defines a positive linear functional on A. Thus the 
integral version of the Krein-Milman theorem as well as the Stone- 
Weierstrass theorem imply the existence of a unique nonnegative regular 
Bore1 measure rue on r such that 
La(f) = j T(f) 447) [cf. 6, p. 1201. 
For each 5,~ E H a complex valued measure pE,- can be defined through 
the polarization identity by 
To see that the transformation (f, 7) -+ P~,~(M) is a bounded bilinear form 
for each Bore1 set MC r, we observe that the Stone-Weierstrass theorem 
implies that the collection B of all functions 3 1 7 -+ 7 (f) (f e A) is a dense 
subalgebra of the complex algebra C(r) of all continuous functions on r. 
Bilinear&y easily follows from the Riesz representation theorem and linearity 
of U. Boundedness follows since 
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Thus there exists a unique bounded linear operator E on H such that 
Clearly E is the desired POV measure. Uniqueness of E is assured from the 
construction. 
Since every spectral measure obviously induces a *-representation, we only 
need to show that E is a spectral measure whenever U is a *-representation. 
For this we note that 
where f, g E A and 5,~ E H. Since B is dense in C(r) and the maps 
are both continuous linear functionals on8, the Riesz representation theorem 
allows us to replace f in (*) by the characteristic function xw of a Bore1 set M. 
Having done this, similar reasoning implies that j can then be replaced by 
the characteristic function x,,, of a Bore1 set N. Thus we have 
or equivalently (EMnN 5,~) = (E.&,&, 7) and the assertion follows. 
Due to [6, p. 61, the following is a spectral formulation of the Krein- 
Milman theorem. 
COROLLARY 2.2. Let K be a compact convex subset of a locally convex 
linear topological vector space V and let X denote the closure of the set of the 
extreme points of K. Then x E V is a member of K if and only if there is a Hilbert 
space H, a regular normalized spectral measure E on X and a vector 5” E H 
such that 
f(x) = J,,,f W52~ P) 
for every continuous afine functional f  on V. 
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Proof. Suppose x E V and there exists a spectral measure E on X such 
that the above integral formula holds for every continuous affine functional f. 
Then the measure defined by (Ec.,~, p) is a probability measure which has x: 
as barycenter. Thus it follows from [6, p. 51 that x E K. 
Conversely, let x E K. Then x is the barycenter of a probability measure pz 
supported by X. If we let V(X) denote the B*-algebra of all continuous 
functions on X then the map f -+ sf dpz is a positive linear functional on 
g(X). From [7], there exists a *-representation Ux: U(X) + g(P) into 
the space B(H”) of b ounded operators on a Hilbert space Hz and a vector 
r)” E Hz such that jjdpx = ( Uf3c~z, 7”). Let U: P(X) +22(H) be the direct 
sum representation of the *-representations Ux, where H is the direct sum 
CzEK @ Hx. We set 5” = (,$,),,K where 
It follows that sf dpz = (U#, @ f or all f E U(X). Applying Theorem 2.1 
we have the existence of a spectral measure E with range values in 9(H) such 
that 
(UP, P) = j,f 4-Q?, 5”) for all x E K, f c 9?(X). 
Thus for affine f E U(X) we have 
f(x) = jf dpg = (U,P, 52) = j,f 4&?, ~3. 
The converse assertion now follows by normalizing E in the usual way [cf. 1, 
p. 601. 
3. POSITIVE DEFINITE OPERATOR-VALUED TRANSFORMATIONS ON 
INVOLUTION SEMIGROUPS 
Sz.-Nagy [8] d fi d e ne an involution semig~oup or a *-semigroup to be a semi- 
group S with identity and a map *: S-+ S such that (xy)* = y*x* and 
(x*)* = x for all x, y E S. If we denote the identity by 1 then we must have 
1 * = 1. Note that every commutative semigroup with identity can be made 
into an involution semigroup by defining x* = x for each x E S. We call 
such semigroups Hemritian. A group can be made into an involution semi- 
group if we define x* = x-r. In [5] the idea of positive definite functions on 
groups was extended to *-definite functions on involution semigroups. Here 
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we consider functions of the above type which are operator valued. A trans- 
formation T of S into 9(H) will be called a positive dejinite operator-valued 
transformation (PDOV transformation) if (i) C cicj*( Tz$+*) is positive definite 
for all finite sequences {ci} of complex numbers and for all finite sequences 
(xi} of S and if (ii) SUP,,~ 11 T, 11 < 00. Note that every *-representation, i.e., 
every bounded homomorphism of S into the unit ball of g(H) (under com- 
position), is a PDOV transformation on S. The uniform boundedness 
principle implies that an OV transformation T 1 S -+ g(H) is PDOV if and 
only if the function x + (T,s, 6) is a (bounded) complex valued *-definite 
function for each 5 E H. Recall that the Banach algebra II(S) of all absolutely 
summable functions on S, can be made into a *-Banach algebra by defining 
f*(x) = f(x*) [5]. Th e o f 11 owing proposition identifies the PDOV transfor- 
mations on S with the POV transformations on II(S). 
PROPOSITION 3.1. Let T / S -+g(H) be a PDOV transformation on S. 
DeJine an OV transformation U on II(S) by U, = C f  (x) T, . Then U is a 
POV transformation on II(S). Conversely if U is a POV transformation on 
II(S), then the function T, = U, dejkes a PDOV transformation on S. 
Moreover, T is a *-representation 07 S if and only if U is a *-representation of 
US). 
The proof is straightforward and we omit the details. 
Let d denote the semigroup of all nontrivial homomorphisms x of S 
into the unit disk of the complex plane such that x(x*) = [x(x)]*. We equip 
A with the topology of simple convergence. The Riesz representation theorem 
for II(S) implies that A is isomorphic and homeomorphic with the semigroup 
r (equipped with the weak *-topology) of nontrivial *-multiplicative linear 
functionals on II(S) [5]. S ince II(S) is commutative and has an identity 
whenever S satisfies these properties, Theorem 2.1 and Proposition 3.1 
reduce to the following. 
THEOREM 3.2. Let S be a commutative involution semigroup with identity 
and T I S -+ g(H) be an OV transformation on S. A necessary and suficient 
condition that T be a PDOV transformation on S is that there exists a (neces- 
sarily unique) POV measure E on A such that 
T, = 
I 
X(x) dE, . 
A 
Moreover, E is a spectral measure if and only if T is a *-representation of S. 
We offer the following new proof of the classical spectral theorems for 
normal, unitary, and Hermitian operators as an application of the foregoing. 
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An analogous proof for positive definite operators is included in Section 4. 
Let D denote the unit disk of the complex plane. 
COROLLARY 3.3 (Spectral Theorem). Let A be a bounded normal operator 
on a complex Hilbert space H. Then there exists a unique normalized spectral 
measure E on D such that 
If  A is unitary, D can be replaced by the unit circle and if A is Hermitian, D 
can be replaced by the closed interval [- 1, 11. 
Proof. Let S be the semigroup of all ordered pairs (m, n) of nonnegative 
integers under coordinate addition. We can impose an involution on S by 
defining (m, n)* = (n, m). The *-semicharacters are those complex-valued 
functions on S of the form (m, n) --f JP(~*)~ where A E D. Thus d is homo- 
morphic to D. If we assume I/ A jj # 0 and set B = A/l/ A // then the map 
(m, n) -+ B”(B*)” defines a *-representation of S. Theorem 3.2 now implies 
B”(B*)” = 1 h”(X*)” dE, . 
The assertion for normal operators follows upon setting m = 1 and n = 0. 
The assertion for unitary operators follows similarly by considering the 
additive group of integers, where m* = - m. In this cased is homeomorphic 
to the unit circle since the *-semicharacters can be described by the functions 
m -+ hm where / A 1 = 1. Thus the map m -+ A” defines a *-representation of 
S, and we need only apply Theorem 3.2 as before. Finally the spectral 
theorem for Hermitian operators follows by considering the additive semi- 
group N of nonnegative integers with identity involution. Since the *-semi- 
characters are those real-valued functions n-A” where 1 X / < 1, d is 
homeomorphic to [- 1, 11. Again we consider the *-representation n -+ B” 
and apply Theorem 3.2 as above. 
Sz.-Nagy [8] defines an OV transformation T 1 S + g(H) to be of positive 
type if 
for all finite sequences {xi} of S and {fi} of H. By a normalized OV transforma- 
tion on S we mean a transformation T 1 S +9?(H) such that T1 is the identity 
operator. 
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PROPOSITION 3.4. A bounded normalixed OV transformation T on a 
commutative *-semigroup S with identity is positive deJnite if and only if it 
is of positive type. 
Proof. A routine verification reveals that every OV transformation of 
positive type is positive definite. To prove the converse let F be the PO 
measure on d with values in g(H) such that T, = sX(x) dF, for all x E S. 
Then F is normalized so that Neumark’s theorem [cf. 81 implies the existence 
of a Hilbert space K which embeds H and a a(K)-valued normalized spectral 
measure E such that F = PE, where P is the projection of K onto H. Thus, 
T, = P s X(x) dE, . But since j X(x) dE, is a normalized *-representation of 
S, we see that T is of positive type. 
Sz.-Nagy’s principal theorem [8] for commutative semigroups and bounded 
transformations now takes the following form. 
COROLLARY 3.5. Let S be a commutative * -semigroup with identity 1 and 
T 1 S-+9?(H) a normalized bounded PDOV transformation. Then there 
exists a normalized *-representation U 1 S-+9(K) of S into an extension 
space K such that T, = PU, , where P is the projection of K onto H. Moreover K 
can be chosen to be densely spanned by 
{u&-l t~H,x~sl. 
Let X be a subset of the real numbers. A moment sequence T of operators 
on X [cf. 81 is a sequence { Tk} of operators such that the moment 
P(T) = i aJk 
k=O 
of the polynomial 
p(t) = $J a,@ 
k=O 
is positive definite whenever p(t) is nonnegative on X. Let N denote the 
Hermitian semigroup of nonnegative integers. 
THEOREM 3.6. Let T = {T,Jk be a sequence of bounded operators on a 
Hilbert space. The following statements are equivalent. 
(i) {Tk}k is a moment sequence of operators on [- 1, 11. 
(ii) There exists a (necessarily unique) POV measure E on [- 1, l] such 
that 
Tk= ’ 
s 
tkdE fork=0,1,2 ,.... 
-1 
(iii) The map k - Tk is a PDOV transformation on N. 
504 i%IASERICK 
Proof. Since the semicharacters of N are those maps of the form 
k-+tk (-I <t<1), 
Theorem 3.2 implies the equivalence of (ii) and (iii). Trivially (ii) implies (i). 
To show that (i) implies (iii) and thereby complete the proof, let {Q}~ be an 
arbitrary finite sequence of complex numbers and 
Then 
p(t) = c c,t”. 
p(t) [p(t)] * = c c&j*ti+” 
is a nonnegative polynomial on [- 1, l] so that C c~c~*T,+~ is a positive 
definite operator. 
4. COMPLETELY MONOTONIC OPERATOR-VALUED TRANSFORMATIONS ON 
COMMUTATIVE SEMIGROUPS 
The relation between completely monotonic functions and positive definite 
functions on a Hermitian semigroup S has already been established in [5]. 
Here we show that most of the results of the previous section carry over to 
completely monotonic OV transformations. 
Let T 1 S -+9(H) be an OV transformation on S. Then we define the 
n-th difference of T inductively by 
A,T, = T, 
and 
~(L:A~,.... h,) = 4-#“3c:~,.....~,J - An-dT&,:h...., n I AL) 
where X, h, ,..., h, E S. The transformation T is said to be a completely 
monotonic transformation (CMOV transformation) if all differences are posi- 
tive definite operators. If we define a positive definite representation T of a 
Hermitian semigroup to be a *- representation such that T, is positive definite 
for each x E S then 
~(T~;A~,...,A,,) = T& - TAG) ... (1 - TA,) 
whenever T is such a representation. Since 
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is positive definite, and the product of commuting positive definite operators 
is again positive definite, we see that every positive definite representation 
is completely monotonic (CM). Finally, we observe that T 1 S -+ L@(H) is 
CM if and only if (Tc.)~, 5) is CM for each 5 E H. This and the similar 
observation for PDOV transformations, along with the results of [5] esta- 
blishes the following connection between PDOV transformations and 
CMOV transformations on a Hermitian semigroup. 
PROPOSITION 4.1. An OV transformation T on a Hermitian semigroup S 
is CM zf and only af each of its translates T, , as dejned by y  + T,, , is positive 
definite. 
The set of nonnegative semicharacters (exponentials) on S will be denoted 
by exp S. As usual, exp S will be equipped with the topology of pointwise 
convergence. 
THEOREM 4.2. An OV transformation T 1 S--+%?(H) on a Hermitian 
semigroup S is a CMOV transformation if and only sf there exists a (necessarily 
unique) POV measure E on exp S such that 
T, = 
l 
e(x) dE, . 
eeexpS 
Moreover, E is a spectral measure if and only ;f  T is a positive definite representa- 
tion. 
Proof. If the integral representation exists then 
“n(Tz:hl.....h, ) = j-44 fj (1 - e&J d-G 
so that T is indeed CM. If, moreover, E is a spectral measure then it is clear 
that T is a positive definite representation of S. Conversely, that E is a spectral 
measure whenever T is a positive definite representation, follows from Theo- 
rem 3.2. The uniqueness of the representing measure also follows from Theo- 
rem 3.2. Thus we need only construct the representing measure in order to 
complete the proof. Since the function (Tc.,~, 5) is a real valued CM function, 
the results of [2] imply the existence of a regular Bore1 measure pf on exp S 
such that 
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As in the proof of Theorem 2.1 we define the complex-valued measure 
To see that P~,~(B) is bilinear in 5, 77 for each Bore1 set B, we consider the 
functions 2 1 e + e(x) for each x E S. The Stone-Weierstrass theorem implies 
that the linear span B of these functions is a dense subalgebra of the space 
C(exp S) of all complex-valued continuous functions on exp S. Since 
is bilinear in t and 17 for each P E 9. The Riesz representation theorem implies 
is bilinear. The boundedness of this bilinear form follows since 
~~(5, 0 = j *, 444 = j 41) 44) = W& 5) G II ul II . II 5 l12. 
Thus there exists a unique bounded linear operator E, such that E, = p<,<(B) 
or all 6 E H. The set function Et., is the desired POV measure. 
It should be observed that Theorem 4.2 implies the spectral theorem for 
positive definite operators. The proof is similar to that given in Corollary 
3.3 for Hermitian operators once exp S is identified with [0, l] in the natural 
way. 
Theorem 3.6 has the following analog. 
THEOREM 4.3. Let T = {TK}lc be a sequence of bounded operators on a 
Hilbert space. The following statements are equivalent. 
(i) {Tk}k is a moment sequence of operators on [0, 11. 
(ii) There exists a (necessarily unique) POV measure E on [0, l] such that 
1 
Tk = 
s 
tk dE, (k = 0, 1, 2 )... ). 
0 
(iii) The map T j k -+ Tk is a CMOV transformation on N. 
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Proof. The equivalence of (ii) and (iii) follows from Theorem 4.2 and 
the identification of exp N with [0, I]. A direct computation shows that (ii) 
implies (i). To show (i) implies (iii) and thereby complete the proof, let p(t) 
be the polynomial given by 
p(t) = t” fj (1 - P’) 
i=l 
where {k, i, n, mi> E N. Then 
and if p is nonnegative on [0, 11, we have that T is CM. 
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